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High-resolution Sparse Self-calibration Imaging for
Vortex Radar with Phase Error
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Abstract: The Orbital Angular Momentum (OAM)-based vortex radar has drawn increasing attention because
of its potential for high-resolution imaging. The vortex radar high resolution imaging with limited OAM modes
is commonly solved by sparse recovery, in which the prior knowledge of the imaging model needs to be known
precisely. However, the inevitable phase error in the system results in imaging model mismatch and deteriorates
the imaging performance considerably. To address this problem, the vortex radar imaging model with phase
error is established for the first time in this work. Meanwhile, a two-step self-calibration imaging method for
vortex radar is proposed to directly estimate the phase error. In the first step, a sparsity-driven algorithm is
developed to promote sparsity and improve imaging performance. In the second step, a self-calibration
operation is performed to directly compensate for the phase error. By alternately reconstructing the targets and
estimating the phase error, the proposed method can reconstruct the target with high imaging quality and
effectively compensate for the phase error. Simulation results demonstrate the advantages of the proposed
method in enhancing the imaging quality and improving the phase error estimation performance.
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1 Introduction

It is well known that Electro Magnetic (EM)
wave carries angular momentum, wherein Spin
Angular Momentum (SAM) is associated with po-
larization and Orbital Angular Momentum (OAM)
is related to spatial distribution!!. Since the vor-
tex light beam carrying OAM is discovered in
19922 the EM vortex wave has attracted increas-
ing attention in the field of optical manipulation),

6-11

wireless communication!"’, radar imaging!® 'Y and

12,131 etc. Researches

rotation Doppler detection
show that vortex EM waves theoretically can
carry infinite numbers of OAM modes (topologi-
cal charges) and different OAM modes have or-
thogonality!"”). Moreover, the unique wave front
of vortex EM wave shows the characteristic of an-
gular diversity, which provides a new prospect for
improving the radar imaging performance.

In 2013, Guo et al. proposed the fundamental
imaging model and principle of vortex radar
firstly based on Uniform Circular Array (UCA),
wherein the approximate Fourier duality relation-
ship between OAM mode and azimuth is utilized
to obtain the azimuth profile of the target, In ad-
dition, research demonstrates that the more OAM
modes are utilized, the higher azimuth resolution
can be obtained. Subsequently, Qin and Liu im-
plement the pattern optimization and beamform-
ing for vortex radar imaging in Refs.[14,15], and
the 2D-FFT method was applied to image the
target after beamforming. Moreover, the model-
based Power Spectrum Estimation (PSD) ap-
proaches were utilized to obtain high-resolution
target imagel”.. For the FFT and PSD methods
developed in Refs.[9,14] and Ref.[15], a sufficient
number of OAM modes should be applied to
achieve high imaging resolution. However, gene-
rating a sufficient number of OAM modes for
UCA-based vortex radar is too expensive to im-
plement, which seriously limits the improvement
of resolution in practice. The inherent orthogona-
lity of OAM modes enables the reconstruction of
targets with limited measurements. Thus, to
achieve high resolution imaging with limited
OAM modes, the sparse recovery algorithms pro-

posed in recent years were introduced to vortex

radar imaging!'®'®). The Orthogonal Matching
Pursuit (OMP) method were applied to achieve
high-resolution imaging for air targets('®l.
However, the target sparsity degree needs to be
known in advance. Moreover, the Sparse Bayesian
Learning (SBL) was introduced to reconstruct the

16 and achieved

targets for vortex radar imaging
excellent imaging performance. And a two-dimen-
sional Non-Convex Augmented Lagrangian Method!"”
(2D-NCALM) was proposed to achieve sparse im-
age and reduce computational complexity.
However, the above sparse recovery methods are
sensitive for model error, and the imaging models
need to be known precisely.

Although the above mentioned works con-
tribute a lot to the high resolution imaging of vor-
tex radar application, most of the existing works
are carried out under ideal conditions, which may
not be consistent with the realistic situations. As
a multi-channel radar technology, the phase error
caused by channel inconsistency inevitably exists
in UCA-based vortex radar system in the realistic
world, which results in imaging model mismatch
and degrades the imaging performance consider-
ably.

Phase error has been intensely studied in
multi-static radar systems!'* 2!/, In MIMO radar
imaging, the signals of different channels are sepa-
rate before imaging process, and the phase error
caused by channel inconsistency is taken as a
multiplicative diagonal matrix in these self-calib-
ration methods?>??l. However, for the case of vor-
tex radar, the problem is quite different because
the signals of multiple channels need to be com-
bined into an OAM mode signal, and the echoes
of different channels are correlative in the ima-
ging process. This makes the compensation for
phase error in vortex radar much more different
and difficult. Furthermore, according to our best
knowledge, there are few literatures provide ef-
fective solutions to vortex radar imaging with
phase error problem, especially under limited
OAM modes, which brings great obstacles to the
practical application of vortex radar high resolu-
tion imaging.

Therefore, the aim of this work is to theoreti-
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cally analyze and compensate phase error caused
by channel inconsistency in the vortex radar ima-
ging system under limited OAM modes. The vor-
tex radar imaging model with phase error is es-
tablished firstly, and a two-step self-calibration
method for vortex radar with phase error is pro-
posed which takes alternate steps to reconstruct
the target image and estimate the phase error. In
the proposed self-calibration method, the recon-
struction of the target image and the estimation
of the phase error are involved with each other.
Thus the estimation accuracy of the phase error
will have great impact on the results of the tar-
get image reconstruction, and vice versa. So the
image recovery algorithm should be elaborately
designed.

Recent developments in radar imaging®* 20
demonstrate that statistical structure sparsity
provides further performance benefited by impos-
ing structure sparsity as a statistical prior on the
scattering coefficient of the targets. Hence, a new
spike-and-slab-based structure sparse prior is pro-
posed in the image reconstruction to promote
structure sparsity for the target image reconstruc-
tion.

The main contributions of this work are two-
fold: (1) this work establishes a vortex radar ima-
ging model with phase error for the first time; and
(2) a two-step self-calibration imaging method for
vortex radar is proposed. At the first step, a
sparsity driven algorithm is proposed which uti-
lizes a novel structural sparse prior to promote
sparsity and improves the imaging performance.
Meanwhile the posterior of the target image and
latent variables are updated by variational
Bayesian theory. At the second step, the phase
error is estimated accurately by Maximum Likeli-
hood Estimation (MLE), and a self-calibration
operation is proposed to directly compensate the
phase error. By alternately reconstructing the tar-
gets and estimating the phase error, the proposed
method can reconstruct the target with high ima-
ging quality and effectively compensate the phase
error. Simulation results illustrate the effective-
ness of the proposed method in the presence of

phase error and the robustness to noise, mean-

while the proposed method has excellent adaptabi-
lity to image targets with different sparsity and
structure distribution characteristics.

The remainder of this article is outlined as
follows. The imaging model of vortex radar with
phase error is established and the imaging per-
formance influence of phase error is analyzed in
Section 2. In Section 3, the structural sparse prior
for vortex radar imaging is proposed firstly, and
the proposed self-calibration algorithm is given.
Simulations are taken to verify the effectiveness of
the proposed method in Section 4. Conclusions

are drawn in Section 5.
2 Problem Formulation

In this section, we will deduce and establish
the vortex radar imaging echo model with phase
error. At the same time, the imaging perform-
ance influence of phase error is analyzed from the
perspective of Point Spread Function (PSF).

2.1 Vortex radar imaging model with phase error

For radar imaging applications, the vortex
radar system can be realized by a phased UCA?",
as illustrated in Fig. 1. N antenna elements are
placed at the ring with equal intervals, a phase
shift of el@?n = ¢l@2™/N ig added to the n'™ ele-
ment. The phase difference between two adjacent
elements is A¢ = 2arx/N, where a is the OAM
mode number (topological charge). In order to
generate a vortex electromagnetic wave with the
OAM mode number of «, the emission signal of
the n'™ element can be expressed as

Sna(a, t) = exp{i2n(fo + dAf)t} exp (iagy,) exp(iﬁa))

L Imaging scene

L,

WS Ao

B\

iform circular

Fig. 1 Vortex radar observation coordinate
based on phased UCA
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where f3, is the phase error of the n'" transmit-
,D —1 denotes
the d"™ sub-pulse, D is the total number of sub-

ting-receiving channel, d=0,1, -

pulses, fo stands for the carrier frequency of the
first sub-pulse and Af is the stepping frequency.
For simplicity, in the case that the bandwidth is
narrow compared with the central frequency, we
consider that the phase error are fixed in the ima-
ging process?.

For a point P(r,0,¢) in far field, the cohe-
rent superposition of the d" sub-pulse emitted by
N antenna elements is

Zexp {i2n(fo + dAf)(t —tn)}

n=1
X exp (iacn) exp(ifa) (2)
where t,=|r—r,|/c~ (r— 7 -r,)/c=t' — Ad,/c, 7

is the vector from origin to target centroid, r, =

Sdat

(acosdy,, asing,,, 0) represents the position vector of
the n'™ element, #=(sinf cos p,sin @ sin p,cos ) is
the unit vector of r, t'=r/c, and Ad,=7¢-r, =
asin @ cos(¢ — ¢,). Meanwhile, a denotes the radius
of the UCA, and c is the speed of light in vacuum.

Radar imaging usually satisfies ¢’ > Ad,,/c,
SO

SS(a,t) ~exp{i2n(fo + dAf)(t —t')}

Ad, }

N
X Z exp {i27r(fo + dAf)

n=1
x exp (iagy, ) exp(ify)
~exp{i2nfa(t —t')}

N
X Z exp {ikasin 0 cos(v — ¢n)}

n=1

x exp (iagn) exp(ifn) (3)
where fq=fo +dAf, and k=2nfy/c represents the
wave number.

Assuming that the target to be detected is
composed of M ideal scattering points, when the
radar works in the multi-transmit and single-re-
ceive model” that is, the single antenna located
at the center of the circle is utilized to receive the
target echo. Finally, the echo can be obtained as

Sha,t)= Z exp{i2nfa(t — 7m) tom

X Z exp {ikasin 0,, cos(om — dn)}

n=1

x exp (iagy,) exp(ify) (4)

where 7,,=2r,,/c and o, represent the backscat-

tering coefficient of the m'™

P, (va Orm, (Pm)'
After the down-converting procedure by the

scattering point

phase factor exp{—i2= f4t}, the echo signal in basis

frequency can be expressed as
M

S"(av, k)= Z om exp (12kr.,)

m=1

X Z exp {ikasin 0,, cos(om — dn)}

n=1
x exp (iagy, ) exp(iBn) (5)
For simplicity of expression, the phase-inde-
pendent window function term is omitted in Eq. (5).
The vortex wave imaging scene is divided in-
to M discrete grids. The number of observation
values on the wave number domain and the OAM
mode number domain are P and @, respectively.
Then, Eq. (5) can be written in the matrix form
as

y=So+n (6)
;o] € CM and n are the

back scattering coefficient vector and the un-

where o = [o1,09,

known noise vector, respectively.
y =[5 (a1, k1), 8" (a1, kq) , S (a2, k1), -+,
S” (g, kq) - S” (ap, ko))" € CF
represents the received signal, where L = P x Q.

In addition, § € CE*M indicates the measure-

ment matrix, which is given by

51 Ealaklg 52 Ealaklg Sy Eoéhlﬁg
g_| ™ o1, k) s2 (e, ke s (o, ko

s1(ap, ko) s2(ap,kq) su (ap,kq)
where

Sm (p, kq) = exp (12k7y,)

N
X Z exp {ikqa sin Qm COS(S@m - ¢7L)}

n=1
x exp (i, ¢y, exp(ifn) (7)
Obviously, Eq. (6) is a typical inverse prob-
lem. However, the observation matrix cannot be
accurately calculated due to the existence of
phase error, which may result in defocusing in
traditional OAM imaging. For this reason, Eq. (6)
is further rewritten into an inverse problem with

unknown phase error parameter 3,
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y=S(B)o+n (8)
It is apparent that o could not be reconstruc-
ted directly by the conventional vortex radar ima-

[16-18.29] " especially under limited

ging algorithms
OAM modes, since the unknown parameter 3
exists. Therefore, a self-calibration imaging method
is proposed to solve the problem in Section 3.

2.2 Analysis of imaging performance with phase
error

In order to further explain the influence of
phase error on the imaging performance of vortex
radar, we will analyze it briefly from the perspec-
tive of PSF.

It can be seen from Eq. (5) that, the echo
signal becomes an ideal echo model of multi-
transmit and single-receive model”’ image mechan-
ism when the phase error is zero. By approxima-
tion, it can be written in the form of weighted
Bessel function™:

M

S"(a, k)= Z Om exp (12k7,)

m=1

X Z exp {ikasin 6,, cos(om — ¢n)}

n=1

x exp (ign)
M

~ Z Ne /25 exp (i2kry,)

m=1

x exp (1) Jo(kasinb,,) (9)

where J,(-) indicates the o' order Bessel func-
tion of first kind. Obviously, the target range and
wavenumber form a Fourier duality, meanwhile,
the azimuth and OAM mode is an approximate

iam/2

Fourier duality. After constant phase e and

(739 the Bessel func-

phase factor ¥, compensation!
tion in the echo envelope is changed to its abso-

lute value, where

ei’r(7
Vo= {17

Hence, the PSF of the azimuth dimension un-

Jo(kasinf) <0

10
Jo(kasinf) >0 (10)

der ideal condition is

Qm

Fale) 2 [

—Qm

|Jo(kasin®)|exp (—iap)da  (11)

However, the sum of Eq. (5) can not be sim-
plified into the weighted Bessel function form due

to the existence of phase error factor. Moreover, it
can be seen that each OAM mode is affected by
the phase errors of all array element channels.
This is caused by the particularity of vortex radar
imaging mechanism. For vortex radar, the signals
of multiple channels need to be combined into an
OAM mode signal, and the echoes of different
channels are correlative in the imaging process,
which makes the analysis and processing of phase
error for vortex radar imaging complex. Next we
will give some brief analysis from the PSF per-
spective.

Under certain conditions, the phase error

term in Eq. (5) can be a first-order Taylor expan-

sion
exp(if,)=1+iB, + o(iBn) (12)
Furthermore, Eq. (5) can be rewritten as
M
S™(a, k)= Z Om exp (12kr,,)
m=1

X Zexp {ikasin 0, cos(pm — ¢n)}

n=1
M

x exp (g, ) + Z Om exp (12kry,)

m=1
N

X 1B, exp {ikasin O, cos(om — én)}

n=1

x exp (iagy)

M
~ Z Ne o™/25, exp (i2kry,) exp (iapp,)

m=1
X Jo(kasin 0,,)
M N

+ Z Om exp (12kr.,) Z B,

m=1 n=1
x exp {ikasin 0,, cos(m — ¢n) } exp (iag,,)
(13)

iarm/2 and

After the above constant phase e
phase factor ¥, compensation, the azimuth di-
mension PSF of vortex radar with phase error is

6270
’

Fuo) 2N [

—Qm

exp (—iay) |Jo(kasin 0)| da

/ 1a‘n/2y7 Zlﬂn
x exp {ika sin 0 cos(p — ¢p) } exp (iag, ) da
(14)
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where ., represents the maximum OAM modes.
Apparently, the former term of Eq. (14) corres-
ponds to the PSF of azimuth dimension when
there is no phase error; and the latter term rep-
resents the influence of the phase error on PSF,
which causes the defocus of imaging target, and
affects the imaging performance.

In order to further illustrate the influence of
the phase error on PSF, the point spread func-
tion is shown in Fig. 2. And the blue solid line is
the PSF without phase error, while the orange
dotted line is the PSF with phase error. It illus-
trates that the PSF appears unimodal at zero
when there is no phase error, which can focus
well. However, the corresponding PSF becomes

blurred and defocused when the phase error

exists.
1.0
— Without || -~ With error

& 0.8 error
A
T 0.6
)
=
g 0.4 !
5 i
Z 02

0 \

-1.0 -0.5 0 0.5 1.0

Azimuth (w rad)

Fig. 2 The azimuth dimension point spread function

3 Sparse Self-calibration Vortex Radar
Imaging Method with Phase Error

In this section, a sparsity-driven high-resolu-
tion self-calibration method is proposed for vor-
tex radar imaging with phase error.

From Bayesian perspective, the reconstruc-
tion of the target image o and the estimation of
the phase error 3 in Eq. (8) can be written as fol-
lows:

(0,8) = argmin — (Inp(ylor, B) + Inp(o)) ~ (15)
.8

where p(o) and p(y|o, B) are prior and likelihood
respectively.

In order to solve the Eq. (15), an alternate
iterative minimization method is proposed to
achieve self-calibration imaging with phase error.
The algorithm includes two steps in each itera-
tion which are the target image reconstruction

and phase error estimation. On the one hand, the
proposed new structural sparse prior is utilized to
promote sparse reconstruction of the imaging tar-
get by Bayesian inference. On the other hand, the
phase error is estimated by the target image re-
construction results. Subsequently, the error is
directly compensated to update the observation
matrix. By alternating iterations of the two steps,
the phase error can be compensated accurately
and the image can be reconstructed with high-
resolution and high quality. Before the target
reconstruction and phase error estimation, we
first give the proposed structure sparse priori.
3.1 The proposed structure sparsity prior

The imaging targets usually have sparse
characteristics in high frequency radar. Spike-and-
slab prior is widely utilized in the field of sparse
signal recovery®™ and radar imaging®®”. In the tra-
ditional spike-and-slab Sparse Bayesian Learning
(SBL) framework, the target scattering coeffi-
cient vector is commonly assumed to be a point
probability distribution (spike) and a Gaussian
distribution (slab):

M
p(o) =[] 0= An)d (om) + AmCN (0,4,') (16)
m=1
where 6 (-) is the Dirac delta function, CA (0, ;)
is the complex Gaussian distribution. A and o de-
note the support vector and the target scattering
coefficient vector respectively. The variance 1! is
decided by the m™ resolution cell scattering
point. The support vector A indicates the pre-
sence of scatterers in each resolution cell.
However, the presence of the delta function
in Eq. (9) makes inference of posteriori trouble-
some by means of Bayesian learning theory.
Therefore, we adopt a generalized spike and slab
model, namely
c=A0K (17)
where, ©® is the Hadamard product, A is the sup-
port vector, and A, € {0,1}. A, = 1 indicates that
om 18 non-zero and k is the backscattering coeffi-
cient vector.
In practical application scenarios, scatterers
in radar images commonly present continuously

since the real target is physically continuous?63334,
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which may help to reconstruct radar images with
limited measurements. Therefore, in order to
model the structural correlation among adjacent
scatterers, a novel structure sparse prior is pro-
posed, in which the support vector of scattering
coefficient and the target scattering coefficient

vector are both correlated with their adjacent ele-

ments, i.e.
oc=woz (18)
p(x|¢) = H CN(0 (19)
Ym = Gm + Z bo¢; (20)
j€Neighbor(m)
Wi =1/Co [ A+ D ag); (21)

j€Neighbor(m)

where Neighbor(m) represents the neighbor set of
the m'™ grid cell, C,,= 14+ao - Num is the normal-
ized parameter, and Num denotes the element
number of Neighbor(m). Moreover, ag, by is the
correlation parameters indicating the correlation
between the scatterers and its neighbors.

The above prior represents that the sparsity
among the scatterers are coupled through the cor-
relation parameters, so as to promote better
sparse structure characterization and achieve
higher quality sparse imaging results. Further-
more, the proposed Bayesian prior model degene-
rates into the traditional spike-and-slab prior
model when ag and by are both zeros, which indic-
ates that the more generality and extensibility of
the proposed prior.

By the additive Gaussian noise assumption,
the probability distribution of echo signal y is

p(ylo,n) =CN(Sa,n~'I) (22)
where ! is the variance of the additive noise.

In addition, for the convenience of conjugate-
exponential analysis, each component of the vec-
tor A and ¢ is assumed to be a Bernoulli-Beta pri-
or and a Gamma prior, respectively. Meanwhile, 7
is assumed to be a Gamma prior:

p(A[m) = H (1) (23)

p(Cmi a1, br) =
Gammal(n|c, dy) (25)

Gamma(p, | a1,01) (24)

p(n;er,di) =

p(ﬂ-‘elmfl

M
)= H Beta (7, |e1, f1) (26)

m=1
where aq,b1,c1,d1,e1 and f; are hyper-parameters.
3.2 Target image reconstruction

Firstly, the proposed structure sparse prior is
applied to reconstruct target image. The recon-
struction of the target image o and the estima-
tion of the phase error 8 can be written in
Eq. (27)#3% based on the target sparse priors

proposed in the subsection 3.1.

(0.8,A,¢) = arglgaxp(ff’)\,é’ |y, 8(8)) (27

Namely, the posterior distributions of o and
the latent variables A, need to be computed,
while the likelihood distributions of phase error 3
is estimated.

Generally speaking, Bayesian based signal re-
construction methods can be divided into several
categories according to different variable infer-
ence approaches. Common Bayesian inference ap-
proaches are Variable Bayesian theory (VB)P
Markov Chain Monte Carlo method (MCMC)P%),
Approximate Message Passing(AMP)F7 etc. In
the paper, we use VB to perform parameter infer-
ence since the VB technique has been shown to
provide accurate and effective inference for spike-
and-slab models®.

The main idea of VB is to optimize the lower
bound of the log marginal likelihood function, and
simultaneously give a maximum for the posterior
distribution. Next, the specific process of al-
gorithm update is deduced by VB theory under
the assumption that the phase error 3 is known.

(1) Update for x

The posterior distribution of & can be writ-
ten as

q(z) oc exp(Inp(z|C)p(ylz, A, 7)) (28)

Apparently, ¢(x) is a multivariate Gaussian
distribution, with mean p and variation ¥, i.e.,

x ~ CN(z; p, X), with
2= ([ +n(WH'HW))™ (29)
p=nXH"% (30)

where I' = diag(y), W = diag(w). Given the up-

dated value w, we can derive
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(WH'HW) = (H"H) 0 (ww")  (31)
where () is the expectation with respect to ran-
dom variable.

(2) Update for A
For each element of X\, the posterior could be

given as
q(Am)
X exp {<1np (A | Tm) P (Y=r,, | /\mvmﬂl»q(m)q(n)}
(32)
Am obeys the Bernoulli distribution, and its
distribution parameters can be calculated as
p(Am =1)=Fexp({lnmy))
exp { =1 ((Unbm) b y-x,, =y, lm) }
(33)
PO = 0) = Fexp(<1n 1- 7rm)>) (34)

where F is a normalized parameter such that
p()‘m = 1) +p(/\m = 0) =1, and

M
Y-, =Y — Z H ;| ap); + Z bo\; /Cj
leM; I#m

j=1,7#m
(35)
I, = (aOH‘m+ > bOH‘m> / Chn (36)
lEN,

In addition, the update for m,, could be re-
ferred by Eq. (41) in following subsections. And
when p, ¥ is obtained, we can calculate (I51,,)
by

Wi)=g S Y

M oie{m,My,} j€{m,M,,}

H
aw-H,Z-H.j

(ming + X 5) (37)
a?, ifi=j=m

aij =19 b3, ifi=j#m (38)
apbo, 1ifi#j

Therefore, A can be updated by

p()‘m = 1)

A, =
P(Am=1)+pAm =0)

(39)

After obtaining the update of  and X, we
will derive the update of the latent variables , 7,
and « in this subsection.

(3) Update for =

The approximate posterior distribution of =

is

Ing (1) = (Inp(A|m)p(wler, f1))q(r) + const
(<>\m> +er — 1) <1n7rm> + (fl - <>‘m>)
(In (1 — myy,)) + const (40)

It’s easy to verify that = is a Beta distribu-
tion, i.e.
q(mm)=Beta (mp, | (An)+e1—1, fi+1=(\y)) (41)
Hence, (Inm,,) and (In(1 —my,)) in Egs. (33)
and (34) can be update by

(lnwm> :!P(()\m>+el) —Yler+ f1+1) (42)
(In(1—mp)) =P 1+ f1— ) —¥(ler+ f1+1)
(43)

where ¥(-) is a digamma function.
(4) Update for n
The approximate posterior distribution of 7 is

a Gamma distribution
q(n) ~ Gamma (n | ¢, d’) (44)
where ' =c1+L/2,d' =d1+{|ly— H(w © @) |} we=/2,
and
(ly = Hw © @) )woe =y"y — 2(w 0 2)"H'y
19 [(aa) & (w")
© (HH")]1 (45)
where (xa™) = ppt + 3.
Therefore n can be updated by
n= a (46)
(5) Update for ¢
For the parameter ¢, the posterior distribu-
tion is
Ing(¢) = (Inp(x | {)p(¢ | a1, b1))q(x) + const  (47)
Plug Egs. (19) and (20) to Eq. (47), we can get

M

M
nq¢)=> (a1 =) —b1 Y (m

m=1 m=1

M M
+ Z Invy,, — Z Yim (22,) + const
m=1 m=1 (48)
where (2,,)% = |ptm|* + Zm.-
The strict posterior distribution of ¢ is in-
tractable to derive an analytic solution, However,
an appropriate approximate can be obtained by

using the similar processing method in Ref. [33],

NEW ay aq + Num
€ ) 49
Cm |:Xm + bl Xm + bl :| ( )

where Xm:<xm>2 + bo Z <'rj>2' There-

j ENeighbor(m)
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fore, A suboptimal solution can be selected for
updating ¢ by
a1 +1
S (%0)

3.3 Phase error estimation

Phase error estimation can be regarded as an
unknown deterministic parameter estimation
problemP®. In this subsection, phase error is es-
timated by the maximum likelihood estimation
method, and it can be estimated as

8= argmax (In p(y, 2:8)) 0 (51)

where (p(z)),,) denotes the expectation of p(x)

q(z
with respect to a probability density ¢(z), and
={o,\, m n,(} represents the set of hidden vari-
ables. After simplification, Eq. (51) can be rewrit-

ten as

p=argmin{ly-s@)ols} 2

Hence, the estimation of 3 is a nonlinear op-
timization problem which is not tractable to ob-
tain a closed-form solution. Therefore, gradient
descent method is utilized. This paper employs
the Newton method to update 3:

FH=p — [V (0)] T [Vaf (B)] (53)
where f(87)=|y - S (87) a||§ is the objective
function, V3f (87) and Vgf (87) represent the
gradient and Hessian matrix of the phase error re-
spectively. They can be calculate as

Vsl (87)=—2mm ((D(8))"v) (54)
V%f (,6'3) =2diag (Re ((D (,Bj )Hu))

+2Re ((D (6')"'D (51)) (55)
v=y — S (B") o' (56)
D (3)=di (#).d2 (8),.dn (B)] (57)

where Re(-) and Im(-) denote the real and imagi-

nary part respectively, and

dn (ﬂ]) = eiﬁﬁ;,

TWn (Ozlkl, 1) TWn, (041]{1,2) o Wn (OzlkhM)
wn (a1k2, 1) @y (a1ke,2) - @y (a1ks, M) i
) . o

wy, (apkg, 1) wy, (apkg,2) - w, (apkg, M)
(58)

@y (apky, m) = exp (12kqrm,)

- exp (ikqa sin 0., cos(@m — ¢n))

-exp(iayén) (59)

Finally, the procedure of proposed algorithm

for vortex radar self-calibration imaging with
phase error, called VSCIP, is summarized in
Algorithm 1. The algorithm is an iterative al-
gorithm, which alternately iterates through steps
of target image reconstruction, and phase error
estimation until meeting the termination condi-
tion.

Algorithm 1 Algorithm flow of VSCIP

Input: y, S, €, ap, bo
Initialization: ¢ = 1, u = Sty
While j < jmax do
For ¢t = 1 to tmax do
Update p? and 37 by Eqgs. (30) and (29);
Update A? by Eq. (39);
Update (In 7y, ) and (In (1 — 7)) by Egs. (42) and (43);
Update ¢7 by Eq. (50);
Update n/ by Eq. (46);

If || (t 4+ 1) — ﬂJ(t)Hg/ ﬂ(t)sz < €, break;

@l =pd (4 1), wl = wi(t+1);

ol =2l ® wj;
End For
Update 37 by Eq. (53);
Recompute S(87);
End While
Output: o9, 37

3.4 Algorithm performance analysis

After investigating the proposed algorithm in
depth, we offer some discussions to gain insight
into the algorithm.

(1) The optimal solution: Although the pro-
posed two-step iteration method is utilized to
solve the problem, the above optimization prob-
lem is still a non-convex problem. Therefore, the
proposed method still has a probability of falling
into the local optimal solution. In general, in-
creasing the number of equations is an effective
means to decrease the probability of falling into
the local optimal solution, but it increases the

computational complexity. During the procedure,
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the higher order statistical information (such as
the estimation covariance matrix) is utilized to
enhance the estimation performance and avoid
converging to a shallow local minimum in the full

3.3 Moreover, the proposed

Bayesian framework!
algorithm can properly employ uncertainty informa-
tion during iterations to ameliorate the error
propagation problem, which means the estima-
tion error of the sparse signal would degrade the
estimation accuracy of phase error during itera-
tions. In addition, it is another option to avoid
deviating too far from the true minimum by limit-
ing the step size of gradient descent.

(2) Convergence: Since the proposed VSCIP
algorithm can be interpreted as a variational EM
algorithm, the update of & and 8 will monotoni-
cally decrease the KL divergence and the negat-
ive expected log-likelihood function, respectively,
until convergencel®. Thus, the (marginal) likeli-
hood monotonically increases during the itera-
tions and the convergence is guaranteed.

(3) Computational complexity: The main
computational burden at each iteration of pro-
posed algorithm comes from the update of u, X' in
Eqgs.(29) and (30), and the update of 8 in
Newton’s method. The main time-consuming
operations are the matrix inversion and matrix-
vector multiplication whose computational com-
plexity are o(K?®) and o(K?), respectively. This
can incur a high computational cost when K is
large. Fortunately, the grid pruning®® could
reduce the computational burden and improve the
convergence speed, as the remaining grid number
after pruning decreases fast. Moreover, the com-
putational burden can also be controlled by limit-

ing the maximum number of iterations.
4  Simulation Results

In this section, simulations are performed to
evaluate the performance of the proposed al-
gorithm. All computations are run using MAT-
LAB in Windows 10 on an Intel Core i5-8500
CPU at 3.00 GHz.

This paper divides an imaging scene with size
of 30 m x0.4w into 41 x 41 grids, the imaging

distance is set to 1000 m in all the simulations.

An X-band UCA system with carrier frequency of
10 GHz is considered. Besides, the radar system
consists of 22 transmitters and one receiver, and
the phase errors are uniformly varying at [-20°,
20°]*%. The key radar parameters are given in
Tab. 1, complex white Gaussian noise is added in
the imaging process.

For comparison, the traditional imaging
method OMP!$* TwIST*? and SBL!'6% are
utilized to vortex EM imaging without phase
error calculation. In addition, TV-TLS"¥ a com-
monly method with strong fault tolerance in radar
imaging, is also utilized as a contrast. It prefers to
compensate the perturbation matrix E rather
than directly compensate phase error and it aims
to find the solution of the following optimization

problem:
argrgin ly — (H + E)0'||§ + A HEH?J + X\ TV(o)
: (60)
where TV (o) represents the total variation regu-
larizer, besides, A\; and )y are regularization para-
meters.
To quantitatively describe the image recon-
struction results, two metrics are defined, e.g. the

Normalized Mean-Square Error (NMSE) and the

image correlation value:

whereas image correlation value is defined as
(6,0)
lollylloll,

where 6 and o are reconstructed images and true

Corr(6,0) =

images respectively. Moreover, the higher the

Tab. 1 Key radar parameters for simulations

Parameters Value
Frequency of the first subpulse fo 9.9 GHz
Bandwith B 200 MHz
Number of subpulse D 41
Topological charge o [-10, 10]
Array radius a 0.25 m
Array elements number N 22

Target range (985, 1015) m

Target azimuth (0.2, 0.6)w rad
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value of NMSE(6) and the smaller the value of
Corr (6, o) represent the better result of imaging.
4.1 Imaging simulations with phase error

To verify the effectiveness of the proposed
method, the following simulations are carried out.

Firstly, we illustrate the effect of phase error
on imaging. The key radar parameters are given
in Tab. 1, and the Original target 1 scene is
shown in Fig. 3(a). Moreover, the SNR is set to be 20 dB.

The reconstructed images by traditional
methods OMP, TwIST and SBL are given in
Fig. 3(b)—Fig. 3(d). It can be seen that, both of
OMP and TwIST methods fail to reconstruct the
target images. Especially, the reconstruction res-

1.0
1010 08
B 0.6
& 1000
z 0.4
ot
990 0.2
0
0.2 0.4 0.6
Azimuth (w rad)
(a) Original target scene
1.0
1010 0.8
B 0.6
& 1000
z 0.4
~
990 0.2
0
0.2 0.4 0.6
Azimuth (w rad)
(c) TwIST
1.0
1010 08
B 0.6
& 1000
z 0.4
~
990 0.2
0
0.2 0.4 0.6
Azimuth (7 rad)
(e) TV-TLS

ult of OMP is almost completely missing the tar-
get contour, and the imaging result of TwIST is
seriously blurred. Meanwhile, there were many
false target points in the reconstructed images by
SBL, and the imaging results cannot be identi-
fied by the outlines of the reconstructed images
due to the non-consideration for phase errors. Rel-
atively speaking, the result of TV-TLS is little
better than those of the OMP and TwIST since
the observation matrix has an additive error per-
turbation, and the contour is slightly clearer, due
to the effect of TV regularization. However, TV-
TLS imaging results are partially missing and

blurred. Compared with the above methods, the

1.0
1010 | 0.8
E 0.6
& 1000
g
5] 0.4
o~
990 0.2
0
0.2 0.4 0.6
Azimuth (w rad)
(b) OMP
1.0
1010 0.8
B 0.6
& 1000
g 0.4
~
990 0.2
0
0.2 0.4 0.6
Azimuth (w rad)
(d) SBL
1.0
1010 0.8
E 0.6
& 1000
g 0.4
o~
990 0-2
0
0.2 0.4 0.6
Azimuth (w rad)
(f) VSCIP

Fig. 3 In mode number [-10, 10], the obtained vortex EM images with phase error using different algorithms for SNR=20 dB
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reconstructed image obtained by the algorithm
proposed in this paper, VSCIP, has better ima-
ging performance. The image result is illustrated
in Fig. 3(f), where the main scatterers of the tar-
get are all preserved, and the contour edge is
clearer. Investigate its reason, the support vector
A learns the spatial distribution of target scatter-
ers with the iteration of the proposed methods.
More concretely, for the gird cell without scatter-
ers, A, gradually become zeros, while for the gird
cell with scatterers, A, keeps non-zero value. At
the same time, (,, gradually becomes a big num-
ber for the gird cell without scatterers. In addi-
tion, the parameters affect the estimation of the
parameters in surrounding gird cells. Hence, when
the final convergence is achieved, the proposed
prior appreciably models the cluster sparse struc-
ture of the target. Moreover, since a calibration
step for phase errors is performed in the pro-
posed methods, the reconstructed images obtain
better imaging results and the main scatterers of
target are all preserved.

Then, in order to further illustrate the effec-
tiveness of the proposed self-correction algorithm,
the estimated and real phase error are shown in
Fig. 4(a). It clearly shows that the unknown
phase error can be accurately estimated, which
provides further support for the algorithm to bet-
ter reconstruct the target image.

Finally, the curve of NMSE(6) versus the
number of iterations is shown in Fig. 4(b). It can
be seen that NMSE(é) gradually decreases with
the number of iterations and converges quickly,
which further illustrates the convergence of the

algorithm.

True
+ Estimated

0 r

Phase error (°)

_50 " " " "
0 5 10 15 20 25
Transmitters

(a) Estimated and true phase error

4.2 Phase error estimation performance evalua-
tion

To quantitatively evaluate the accuracy of
phase error estimation, the Normalized Mean-

Square Error (NMSE) of phase error is defined as
2

54,

NMSE(3) =

where 8 and 8 are evaluated and true phase
error respectively.

Firstly, the NMSE(B) of phase error under
SNRs from —10 to 40 dB is illustrated in Fig.
5(a), It can be seen that the accuracy of phase
error estimation improves with the increase of
SNR. When the SNR is low, the estimation
performance of phase error is unsatisfactory.

In addition, the performance evaluation of
phase error estimation under different phase
error range is executed. In the simulation, the
phase error B is uniformly selected in [-Ad, Ad]
degree. And Ad are set from 5 to 30 respectively.
Moreover, the SNR is set to be 20 dB. The other
parameters are the same with those in Tab. 1.
The NMSE(3) of phase error under different phase
error range is shown in Fig. 5(b). Obviously, the
NMSE(B) increases with phase error range widen-
ing. And the estimation performance of phase
error is poor when Ad is above 20.

4.3 Imaging performance evaluation under diffe-
rent SNRs

In order to verify the robustness to the noise
of the proposed method, the following simula-
tions are carried out in different echo SNRs.

The imaging results of different methods at
SNR=5 dB are shown in Fig. 6. Compared with

1.0

0.8 r

0.6

NMSE

04 r

0.2 r

0 10 20 30 40 50
Iterations

(b) NMSE(6) versus the number of iterations

Fig. 4 The proposed self-calibration algorithm performance
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the results of SNR=20 dB with a high SNR, the slightly decreased. However, it can be seen that

imaging performance of all the algorithms is the imaging effect of the proposed algorithm is
0.4 0.6
03 05 4
5 5 04
= 0.2 =
Z z 0.3
0.1 0.2
0 0.1
5 10 15 20 25 30 -10 0 10 20 30 40
Phase error range (°) SNR (dB)
(a) Different SNRs (b) Different phase error range

Fig. 5 NMSE(B) of phase error under different SNRs and different phase error range

10 1.0
1010 0.8 1010 0.8
0.6 0.6
1000 1000
0.4 0.4
990 0.2 990 0.2
0 0
0.2 0.4 0.6 0.2 0.4 0.6

Range (m)
Range (m)

Azimuth (w rad) Azimuth (w rad)
(a) Original target 1 scene (b) OMP
1.0 1.0
1010 0.8 1010 0.8
g 0.6 g 0.6
& 1000 & 1000
z 04 z 0.4
~ ~
990 0-2 990 0-2
0 0
0.2 0.4 0.6 0.2 0.4 0.6
Azimuth (w rad) Azimuth (w rad)
(c) TWIST (d) SBL
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& 1000 & 1000
z 0.4 z 04
~ ~
990 0-2 990 0-2
0 0
0.2 0.4 0.6 0.2 0.4 0.6
Azimuth (7 rad) Azimuth (w rad)
(e) TV-TLS (f) VSCIP

Fig. 6 In mode number [-10, 10], the obtained vortex EM images of target 1 scene with phase error
using different algorithms for SNR=5 dB
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still significantly better than the imaging results
of other methods, both in terms of imaging clari-
ty and target contour.

Then, in order to quantitatively describe the
imaging performance of the proposed algorithm at
different SNR levels, The NMSEs of & and image
correlation values diagram of aforementioned al-
gorithms for SNRs from —10 to 40 dB are given in
Fig. 7, with 50 independent Monte Carlo trials for
each method. And it can be seen that the
NMSE(6) decreases while the Corr(é, o) increases
with the increasing of the SNR level.

In addition, it can see that the NMSE(é) of
the proposed algorithm under all SNRs is lower
than or equal to that of other algorithms. Mean-
while, the Corr(6,0) of the proposed algorithm
under all SNRs is higher than that of other al-
gorithms. And when SNR is higher than 15 dB,
the Corr(a,0) value is almost close to 1. There-
fore, we can prove the superiority of the pro-
posed algorithm and its robustness to noise.

4.4 Imaging performance evaluation under diffe-
rent target scenes

Since the proposed self-calibration vortex
radar imaging algorithm is based on the prior as-
sumption of sparse targets, the imaging recon-
struction performance may be affected by the tar-
get, or more accurately, the sparsity of the target.
In this subsection, we will design simulations to
compare the imaging performance under different
target scenarios.

When SNR is 20 dB, the imaging results of
target 2 and target 3 scenes under the above
algorithms are shown in Fig. 8 and Fig. 9 respect-

ively.

\ ~ OMP
2.0 [ -+ TwIST

NMSE

-10 0 10 20 30 40
SNR (dB)
(a) NMSE(&)

On the one hand, for point target 2 with
strong sparsity, it can be intuitively seen from the
imaging results in Fig. 8 that the imaging results
of the proposed algorithm are relatively clear and
have excellent performance. However, the ima-
ging results of other methods more or less have
some false points, and the recovery intensity of
scattered points of some targets is low. On the
other hand, for target 3 with a certain continuity
structure and weak sparsity, the reconstructed
result of OMP algorithm has serious contour loss
and some false points, and the image background
of Twist algorithm is rough, meanwhile the tar-
get contour is fuzzy. Compared with the above
two methods, the imaging result of SBL is im-
proved to a certain extent, but there are also
many false points, and the local region is fuzzy. In
addition, TV-TLS imaging is slightly blurry, and
the local position is slightly missing. However, the
imaging results of the proposed algorithm are
clear, and there is no false point target, and the
imaging effect is superior.

In order to further quantitatively demon-
strate the imaging performance under different
targets Scenes, the NMSE(6) and Corr(é,0)
curves of target 2 and target 3 under different
SNRs are illustrated in Fig. 10 and Fig. 11 re-
spectively. It can be apparently seen that the pro-
posed algorithm has the smallest NMSE(é) and
the largest Corr(é, o) value under all SNRs com-
pared with other algorithms regardless of target 2
or target 3. This is similar to the previous result
of target 1. In summary, it can be concluded that
the method proposed in this paper has favorable
effectiveness and strong adaptability, which fur-

1.0

0.8
. 0.6
0.4 7.~ ~« TWIST
. SBL
02}/ - TV-TLS
0 = VSCIP
10 0 10 20 30 40
SNR (dB)

(b) Corr(e, o)

Fig. 7 Under different SNRs, and obtained of original target 1 scene in mode number [-10, 10]
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Fig. 8 In mode number [-10, 10], the obtained vortex EM images of target 2 scene with phase error
using different algorithms for SNR=20 dB

ther verifies the superiority and scalability of the

proposed target prior.
5 Conclusion

To summarize, the vortex radar imaging with
phase error is theoretically analyzed and modeled,
meanwhile, a novel self- calibration algorithm for
alleviating the issue is proposed in this paper. As
an alternating iterative algorithm, the proposed
method cycles through steps of target reconstruc-
tion and phase error estimation to reconstruct the
target accurately and compensate the phase error
effectively. Wherein the variable Bayesian theory
is introduced to update the posterior of the tar-

get image, and maximum likelihood estimation is
adopted to estimate the phase error. The pro-
posed method can reconstruct the target with
high imaging quality and accurately compensate
the phase error. Furthermore, simulation results
illustrate the effectiveness of the proposed method
in the presence of phase errors and the robust-
ness to noise, meanwhile the proposed method has
excellent adaptability to image targets with diffe-
rent sparsity and structure distribution characte-
ristics. Further research will include illustrating
the effectiveness of proposed method by mea-
sured experiments, and exploring the imaging ap-
proaches of moving targets in practical scenarios.
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Fig. 9 In mode number [-10, 10], the obtained vortex EM images of target 3 scene with phase error
using different algorithms for SNR=20 dB
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Fig. 10 Under different SNRs, NMSE(6) and Corr(&, o) obtained of original target 2 scene in mode number [-10, 10]
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Fig. 11 Under different SNRs, NMSE(6) and Corr(&, o) obtained of original target 3 scene in mode number [-10, 10]
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